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Abstract-A general computer program has been developed which solves the finite difference analogue 
of the conservation equations in boundary layer form for laminar titm condensation. In addition, closed 
form analytical solutions based on the Nusselt assumptions have been extended to include the effect of a 
nonisothermal condenser wall. In so doing, a reference temperature for evaluating locally variable fluid 
properties is defined in the form T, = T, + a(T, - T,) and accounts for both the effects of fluid property 
variations and minor errors introduced by the Nusselt ~sumptions. In the numerical as well as the 
analytical developments, vapor drag was accounted for by means of an asymptotic solution of the vapor 
boundary layer under strong suction which is valid for most engineering situations. 

This paper evaluates the validity of the extended Nusselt result in terms of the effects of(i) forced vapor 
flow, (ii) variable wall temperature, and (iii) variable I&rid properties. Ten fluids were investigated, including 
water, all having Prandtl numbers greater than unity. It was found, except for severe wall temperature 
variations, that a value of a dependent only on fluid specie led to a less than 2 per cent discrepancy between 

the analytical predictions and the numerical results. 

NOMENCLATURE 

heat capacity [Btu/lb “R] ; 
dimensionless Froude number, gl,/$ ; 
gravitational acceleration 
[32*174 ft,‘s2] ; 
heat transfer coefficient 
[Btu;;' s OR] ; 

I + f C, dT [Btu/lb] ; 

ther&al conductivity [Btu/ft s “R] ; 
metric coe~cients [ft] ; 
reference length (0.002 ft); 
length of the vertical wall (1.584 ft) ; 
rate of condensation [lb/f? s] ; 
dimensionless Prandtl number, 
~-lr C,jk, ; 
dimensionless Reynolds number, 

LPrVrh* ; 

1 This work was supported in part by the State of 
California through the University of California Statewide 
Water Resources Center on Grant No. 4-442 575-20537. 
Computer time for the numerical calculations was provided 
by the Campus Computing Network of the University of 
California. Los Angeles. 

T, absolute temperature [“RI ; 

& u, velocity components in x, y plane 

EWI ; 
UlY 02, velocity components in tl, t2 plane 

EfWl ; 
x2 Y, boundary layer coordinates [ft] . 

Greek symbols 
a, dimensionless parameter which de- 

fmes the reference temperature T, = 

T, + NT, - T,); 
Y, ,dimensionless parameter which estab- 

lishes the spacing of the streamlines in 

the 5r, t2 plane; 
r, mass flow rate of the condensate film 

[lb,‘ft s] ; 

4 thickness of condensate film [ft] ; 

L dimensionless coordinate, 1 I 5 Jl, ; 

0, dimensionless temperature, (T, - T)/ 

vs -a; 
1, latent heat of vaporization [Btujb] ; 

PT absolute viscosity [lb/ft s] ; 
V, kinematic viscosity [ft*,s] ; 
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tl, t2, dimensionless coordinates related to 
dx and dy by dx = 1, d<,, dy = I, 

d52 ; 
P> density [lb/ft3] ; 

*? stream function [lb/ft s] ; 

w, dimensionless coordinate, w = t2. 

Superscripts 
I 

;, 

denotes nondimensional quantity ; 
denotes a theoretically derived quan- 
tity. 

Subscripts 

e, edge of the vapor boundary layer ; 
iso, isothermal wall case ; 
r. reference state ; 

& vapor-liquid interface : 

0, vapor phase ; 

W, condenser wall. 

Overlines 
average with respect to x, 

X 

f =;Sfdx; 

n 
L 

- 

” average for x = L,f = $ 
c 
fdx. 

d 
INTRODUCTION 

THE FIRST analysis of tihn condensation was 
performed by Nusselt in 1916 [ 11. Since then 
there has been substantial further analytical 
work directed towards evaluating the validity 
of Nusselt’s results and increasing the extent of 
the problem domain. In general, four analytical 
approaches have been employed. They are (i) 
the use of what may be called the Nusselt 
assumptions whereby liquid acceleration and 
energy convection are neglected, (ii) the use of 
integral forms of the boundary layer momentum 
and energy equations, (iii) similarity solutions 
of the boundary layer momentum and energy 
equations, (iv) perturbation methods based on 
the aforementioned approaches. In many cases 
the aspects of the specific problem investigated 

have been determined by the power of the 
analytical method rather than their relevance to 
the engineering problem. The present day 
capacity of digital computers together with 
recent refinements in numerical analysis allows 
further progress to be made. A number of 
restrictive assumptions can be eliminated and a 
broader range of situations of engineering im- 
portance investigated. Following Sparrow and 
Gregg [2]. film condensation may be regarded 

as a boundary layer problem inasmuch as it is 
the boundary layer forms of the momentum 
and energy conservation equations which are 
to be solved. This model of the behavior of a 
laminar film involves only one significant 
assumption, that is the neglect of effects related 
to surface instabilities. Analyses based on this 
model are valid in a great many practical 
situations where the effects are indeed negligible. 
Furthermore, base solutions are provided for 
use in the empirical correlation of the effects of 
surface instabilities. 

The current state of the art can be delineated 
by giving a brief description of the important 
features of the significant prior analytical work. 
On the assumption of negligible forced con- 
vection in the vapor phase Koh, Sparrow and 
Hartnett [3] obtained similarity solutions for 
the condensation of saturated vapor on a 
vertical surface. Sparrow and Gregg [4] ob- 
tained approximate similarity solutions for the 
condensation of saturated vapor on a horizontal 
tube with negligible vapor drag. Minkowycz 
and Sparrow [5] invoked the Nusselt assump- 
tions to analyze condensation of water vapor on 
a vertical surface with superheat, air as a non- 
condensable gas, an interfacial resistance and 
variable fluid properties. The vapor flow was 
assumed due to liquid drag and free convection 
only. Koh [6] obtained similarity solutions for 
condensation on a horizontal plate with forced 
flow of a saturated vapor. Shekriladze and 
Gomelauri [7] used the Nusselt assumptions 
to analyze condensation on a plate for an 
arbitrary gravitational field with forced flow of 
saturated vapor : for a horizontal tube the effect 
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of forced vapor flow for zero gravity was 
analyzed. Yang [8] used a perturbation method 
to study the effect of variable wall temperature 
for the analysis of Koh, Sparrow and Hartnett 
[3]. Poots and Miles [9] obtained variable 
property similarity solutions for water con- 
densing on a vertical surface from quiescent 
saturated vapor at 212°F. 

The pertinent analyses have shown that the 
Nusselt assumptions are valid over a remark- 
ably large range of conditions. Taking each of 
the assumptions in turn, their limits of validity 
are as follows. Liquid acceleration effects are 
not negligible at high rates of condensation of 
low Prandtl number fluids, viz., liquid metals 
[2, 3, 4, 61. The significance of this discrepancy 
has been very much overemphasized in the past 
since the heat fluxes and vapor velocities corres- 
ponding to such high condensation rates are 
quite unrealistic in terms of engineering or 
experimental practice. Koh, Sparrow and Hart- 
nett [3] obtained solutions for the dimensionless 
condensation rate parameter C,AT/A equal to 
0.01 and 0.1. It is true that values of the para- 
meter as large as these apparently have been 
obtained in a number of liquid metal experi- 
mental investigations [l&14]. However, the 
corresponding condensation rates measured 
were an order of magnitude below the analytical 
predictions. It is now generally accepted that 
the true values of the temperature difference 
across the liquid film AT, were not equal to the 
measured (T, - T,) where T, is the saturation 
temperature corresponding to the measured 
vapor pressure. The discrepancy is most prob- 
ably due to the presence of noncondensable gas 
in the vapor phase though some authors [13-151 
consider the existence of a molecular-kinetic 
interfacial resistance a possible explanation. 
Energy convection effects are not negligible for 
the condensation of high Prandtl number 
liquids in reduced gravitational fields with 
forced vapor flow [6]. This is to be expected since 
in such a situation the behavior of the film 
approaches that of a conventional forced flow 
boundary layer. 

In deciding on a rational approach to film 
condensation problems in general, the merits of 
the Nusselt assumptions suggest their use 
wherever possible. Exact solutions of the con- 
servation equations are required to complete 
the picture. Since the possibilities of obtaining 
similar solutions have been almost exhausted, it 
follows that the exact solution procedure must 
be capable of yielding results for nonsimilar 
problems. In the present paper the objectives 
are to report the development of such a solution 
procedure, and its application to the study of 
three nonsimilar problems. The results presented 
are restricted to the condensation of saturated 
vapor of high Prandtl number liquids on a 
vertical surface at normal gravity ; the specific 
problems are : 

(i) The effect of a forced vapor flow parallel 
to the condensing surface. 

(ii) The effect oflongitudinal wall temperature 
variation. 

(iii) The determination of suitable reference 
temperatures for use in conjunction with 
constant property analyses based on the 
Nusselt assumptions. 

The exact solutions were obtained from a 
general computer program based on a finite 
difference analog to the conservation equations 
in boundary layer form. The complete partial 
differential equations were considered and thus 
there are no restrictions arising from similarity 
requirements. Furthermore, in a finite difference 
procedure, variable fluid properties are account- 
ed for almost as easily as constant properties. 

The problem domain was further restricted 
by considering a range of vapor velocities and 
condensation rates for which the vapor drag on 
the liquid film can be described by a particularly 
simple asymptotic shear expression. With this 
restriction the Nusselt assumptions yield a 
closed form analytical solution, allowing the 
results to be discussed in terms of the validity 
and application of the Nusselt result. It will be 
shown that the asymptotic shear expression is 
valid for most engineering applications. How- 
ever, another factor is important in this context. 
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The removal of this restriction presents an 
awkward problem. A solution procedure for the 
coupled two phase flow problem is given in [ 161 
and is quite straightforward. Rather, the diffi- 
culties lie in the specification of realistic bound- 
ary conditions for the vapor flow owing to the 
wide variety of vapor flow patterns encountered 
in engineering applications. Performing the 
computations is relatively simple, but choosing 
realistic cases and reporting the results is not a 
trivial matter. This dilemma is, of course, 
common to most analyses of nonsimilar bound- 
ary-layer flows. The authors’ viewpoint is that 
the availability of the computer program, as a 
tool for design or research, is of greater import- 
ance than results for specific cases. 

ANALYSIS AND NUMERICAL PROCEDURE 

Physical model and coordinates. A schematic 
representation of the physical model and co- 
ordinate system is shown in Fig. 1. The co- 
ordinates are considered in terms of metric 
coefficients 1, and 1, such that 1, d<, and 1, dt2 
represent infinitesimal real distances. The vapor 
is at the saturation temperature T,. The con- 
denser wall is at temperature T,, (T, < T,) which 
is an arbitrary function of position. 

Saturated 

FIG. 1. Schematic diagram of the coordinate system 

Conservation equations and boundary condi- 
tions. The equations governing conservation of 
mass, momentum and energy for steady laminar 
film condensation on a plane vertical surface 
are respectively, as fallows : 

g (PVll,) + $ (P%ll) = 0 (1) 
-1 2 

PVl au1 PV, au, 1 a 1,/J&, 

-- $_--_--__ i i 
--- 

1, x1 l2 at, 1,1, x2 1, x2 

+ S(P - P”) (2) 

PCpvI aT PC& aT __-- ~___ 
1, at1 + 1, x2 

(3) 

Viscous dissipation and compressibility effects 
are omitted from the energy equation since low 
velocity liquid flow is under consideration. At 
the condenser wall c2 = 0 and the boundary 
conditions are : 

v1 = 0; v2 = 0; T = T,(t,). (4) 

At the liquid surface there is the requirement of 
continuity of momentum flux between liquid 
and vapor phases. For a boundary-layer flow 
under strong suction, a simple asymptotic 
solution of the momentum conservation equa- 
tion yields the required boundary condition 
[ 161. In this limit the local shear stress is 
identically equal to the momentum given up by 
the condensing vapor (P~,v~.~(u,,,~ - vl)). Thus, 
since 

-pv. =---3 
’ ‘,’ - I, d[, 

the conditions at the liquid surface are : 

I* au1 1 dl//s --_ 
12 X2 4 dt, 

b”,, - v,); T = T S’ (5) 

The local thickness of the condensate film is 
determined from an overall enthalpy balance 
on a length of film between a reference location 
r 1, o and the location in question, <I : 
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(6) 
61.0 

Modifying a technique developed by Patankar 
and Spalding [17] the cross-stream variable t2 
is defined in terms of the stream function as : 

The boundary conditions, Equations (4) and (5) 
transform into : 

W:, o=o:u; =o;-=o;e=e, 
di 

(12) 

&I; 
w=l:-_= JIY!!!~A*~F !$z _ 1 ;e = 0. 

aw rlpy (’ 1 1 

(13) 

Finally the overall enthalpy balance, Equation 
(6), transforms into : 

1/Y = w 
(7) l yA.lc/’ 

s 
wy-l &dw 

Pr 
0 i 

where a value of 2 for the constant y proved to 
minimize the truncation errors in the compu- 
tational procedure. Hence : 

II/ = $,,, + A$wy, where A+ = II/, - $, (8) 

and 

l 
2 

= YWW~-’ 1 W, dAll/ 

PVl ’ 
pv2= -11 

[ 
dg, +dr,wy . 1 

(9) 

Introducing the above relations into Equations 
(2) and (3), performing the indicated differentia- 
tion and rendering the final forms dimensionless 
yields : 

i a p'j.il;~; au; =-- 
0 y - 1 aw ~~Re(Aij’)~ WY-l aw 

+ -$+fP - P:) (10) 

(11) 

5 
1 = -- 

s 

plk’v; I; ae 
- di RePr YAI+VW~-~ aw 

co w=o 
1 

+ yA$’ wY-l+mdw . 
s 

(14) 
Pr 

0 Lo 

Numerical procedure. Equations (10) and (11) 
are of the general form : 

Difference analogues to these equations are 
obtained by evaluating the left-hand sides as 
integral averages over a computational cell 
bounded by [ - A[ : ( and w - do/2 : w -I- Aw/2, 
while evaluating the right-hand sides at the 
node points <: (w - Ato, w, w + Awl Such a 
formulation involving node points [: (w - Aw, 
w,w+Aw)andc-A[:(w-Aw,w,w+Aw) 
has been found to be unconditionally stable 
[ 171. This procedure leads to coupled sets of 
nonlinear algebraic equations of the form : 

ESl(i, w - Aw) + FSZ(i, w) 

+ GS2([, w + Aw) = H (16) 

where the position dependent functionals E 
through H involve the dependent variables at 
the node set 5: (w - Ao, w, w + Aw). Iterative 
procedures are used to advance the solution 
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from [ - A[ to i. With the exception of the 
shear boundary condition at o = 1, the bound- 
ary conditions are of the Dirichlet type. The 
analogue of the shear condition is obtained via 
a central difference form for au; 1 &o centered 
on o = 1. Thus the set of algebraic equations 
for v; is one member greater than that for 8. 
The overall numerical solution is closed by 
satisfying the enthalpy balance, equation (14). 
Specifically the solution is advanced from one 
step to the next by performing the following 
operations (i) guess d$i 1 d(, (ii) approximate the 
velocity and temperature distributions, (iii) 
extract an improved value of d$L Id[ from the 
enthalpy balance, (iv) repeat operations (ii) and 
(iii) until the desired convergence is obtained. In 

order to start the numerical solution, initial 
velocity and temperature profiles are obtained 
from an appropriate analysis based on the 
Nusselt assumptions and transformed into the 
(c, w) coordinate system. Numerical stability 
for the initial steps is ensured by using a weighted 
average of the analytical and numerical solu- 
tions. The weighting procedure allows the 
numerical solution to take over after a pre- 
determined number of steps. The reliability of 
the numerical method has been established by 
reproducing the constant property similar solu- 
tions of Sparrow and Gregg [2] and Koh, 
Sparrow and Hartnett [3]. The results are 
shown in Fig. 2. The computational procedures 
are rapid and reliable. Typical machine times 

(IBM 360175 system) to compute the heat 
transfer for condensation on a vertical plate one 
foot long are in the range 10-30 sec. 

A listing of the computer program together 
with instructions for its use may be found in 

[16]. The program contains a number of addi- 
tional options which allow a wide range of film 

=PL AT 
4 

Frc;. 2. Comparison of numerical solutions with similar 
solutions [2, 31 at zero vapor velocity. The numerical solu- 
tions with and without interfacial shear are represented by 

the symbols n and 0 respectively. 

Table 1. R<ferences,for the thermophysical properties 

Specific Thermal Latent 
Liquid Density heat conductivity heat Viscosity 

(P) (C,) @I (4 b-4 

Water 5, 21 27,32 23,27 27 5, 31 
Ethyl alcohol 25 23 23 25 25 
n-propyl alcohol 18 18 33 38 18.36 
n-butyl alcohol 18 19 28 l&29 28 
t-butyl alcohol l&36 18 33 34, 37, 38 18, 36 
Ethylene glycol 18 l&23 33 19 18, 19 
Glycerol 18 20 33 19 l&20 
Carbon tetrachloride 18 23 23 19 19 
Propane 26 23 22 26 24 
Ammonia 19 20 23 19 20 
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condensation problems to be analyzed. These 
include, for example, condensation on a hori- 
zontal cylinder, wall suction and the magneto- 
hydrodynamic problem for liquid metals. 

Thermophysical properties. For each of the 
fluids investigated the available thermophysical 
property data was surveyed and an attempt 
made to identify the most reliable sources. 
Table 1 presents the references of the sources 
chosen for each of the properties required. The 
data was expressed in terms of accurate algebraic 
expressions by a least mean squares procedure. 
For density, specific heat, thermal conductivity 
and latent heat, cubic polynomials in tempera- 
ture were used while for viscosity, inverse 
powers of temperature proved more suitable. 

Analysis based on Nusselt assumption. In 
order that a more general assessment of the 
merits of the Nusselt assumptions could be 
made, a prior analysis of Shekriladze and 
Gomelauri [7] has been extended to include the 
effects of variable properties and longitudinal 
variation of wall temperature. Details of the 
analysis, as well as the additional assumptions 
required, are presented in Appendix A. 

RESULTS AND DISCUSSION 

Computational errors. Within the assumptions 
made in reducing the conservation equations to 
boundary layer form, errors in the numerical 
results stem from discretization errors, in- 
complete convergence of iterative procedures, 
arbitrariness of the initial conditions, and un- 
certainties in the thermophysical property data. 
Since the Kusselt assumptions (small effect of 
inertial and convective terms) are uniformly 
excellent for the fluids studied, the heat transfer 
results may be conveniently reported in terms of 
equations (A.1 1) and (A.13), using the reference 
temperature concept to handle variable proper- 
ties. Thus errors in the property data need not be 
discussed since improvements in their accuracy 
can automatically be accounted for through the 
analytical expressions. 

The effect of discretization errors was explored 
by studying in detail a typical case (Ccl,, AT = 

20 “R, u,,, = 20 ft/s). Numerical experiments 
were performed to determine the effect of Aw 
(holding At constant) as well as A[ (holding Am 
constant) on the heat transfer results. Successive 
halvings of Ao from 0.1 to 0.0125 changed the 
heat transfer results by less than 0.25 per cent, 
while halving Al from 3.98 to 1.99 resulted in an 
0.1 per cent change. Since problems arose in the 
accurate manipulation of numbers as Ao be- 
came small. it was necessary to establish 
convergence criteria for the iterative procedures 
which would ensure that the dependent variables 
were correct to six significant figures. For larger 
values of Ao (O-05 and O.l), it was found that 
live significant figures were sufficient. Finally, 
since the mathematical problem is initial value 
in nature, uncertainties in the initial conditions 
would be expected to propagate (with diminished 
amplitude) as the solution is advanced. It was 
found that artificial perturbations in the initial 
conditions of about 6.4 per cent were diminished 
to less than 0.1 per cent upon reaching the end 
of the plate (ti = 1.584 ft). Since the errors 
introduced by the analytical solution used to 
construct the initial conditions were never 
greater than one per cent, such errors proved 
negligible. In conclusion, the authors are con- 
fident that the overall numerical results, which 
were obtained using Al = 3.98 and Ao = O-05, 
are in error by less than 0.5 per cent. 

Isothermal wall. The numerical solutions of 
the system of equations (10)(14) were obtained 
at various saturation temperatures for the ten 
fluids listed in Table 1. Velocity and tempera- 
ture distributions, local and average heat transfer 
coefficients, and local condensation and mass 
flow rates were obtained along a plate 1.584 ft 
long at AT’s and u,, =’ s in the ranges 3-50°F and 
O-200 ft/s respectively. The effect of vapor drag 
on the local heat transfer coefficient is shown in 
Fig. 3. The film Reynolds number, 4I/p, at the 
end of the plate usually exceeded 1800, thereby 
insuring that any conclusions would be valid 
for all values of Reynolds number in the laminar 
regime. Only the heat transfer results will be 
reported here. Since the reference temperature 
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T, is defined as T, = T, + aAT, it is convenient 
to do this in terms ofequation (A.1 1) by reporting 
the thermophysical property sources, T,, AT, 

&, e, and, of course, LX Clearly, this approach 
does not account for the effect of variable 
properties alone since inertial and convective 
effects (though small) were neglected in deriving 
the analytical expressions. Due to the fact that c( 
proved to be a weak function of all parameters 
except fluid specie, representative values could 
be selected such that the maximum error in 
results calculated using (A.11) would be less 

12 
Ethylene glycol 

0 r, =l4O”F, AT=40°F 

* : II 
ca 

N-Propyl alcohol 
r, = 140°F, AT =40°F 

%_ ‘8: 

c ? 

,xT=40°F 

--__ 
----_ -----___ ____-___ 

I-01 ’ 1 1 ’ ’ 1 ’ ’ 1 1 ’ 1 1 
0 0.2 O-4 0.6 0.8 I.0 I.2 I.4 

x, ft 

FIG 3. Effect of vapor drag on the local heat transfer co- 
efficient for ethylene glycol, n-propyl alcohol and water. 

than 2 per cent. A summary of the results 
appears in Table 2. 

Attempts were made to correlate CI in terms of 
the various parameters of the problem (such as, 
for example, u,,,, Pr and /+/C,AT), however, 
no useful result has been obtained. For the 
present, it has been observed that, for the most 
part, a increases with increasing u,,, and de- 
creases with decreasing dh:,, 1 dT,. Exceptions to 
the latter Were observed for propane and 
ammonia, for which dh:,, IdT, in contrast 
with the other fluids, is negative. In addition, as 
would be expected, the ratio hi fi equalled 4/3 
when u,,,, equalled zero and approached 
asymptotically the limiting value of two as 
u,., e became large. Finally, it is observed that the 
value for water (0.33) agrees favorably with the 
value of 0.31 previously reported by Minkowycz 
and Sparrow [5] and the range of values 
(0.26-X).33) reported by Poots and Miles [9]. 

Non-isotherrnul wull. The effects of variable 
wall temperature on condensation heat transfer 
were studied for water only. Both co-current as 
well as counter-current flow of coolant were 
considered, where for co-current flow the tem- 
perature drop across the film was chosen to be 
of the form 

AT = AT, - Mu” + Nx” 

while for counter-current flow it was 

AT = AT, + MY” 

In addition, AT(X) was constructed such that 

Fluld T, deg F AT. deg F 

Carbon tetrachloride 60, 90, 120 10,20, 40 20,200 0.07 
Ethyl alcohol 80, 120, 160 10. 20, 40 0, 20. 50. 200 0.12 
n-propyl alcohol 140 20.40 0, 20. 50 0.15 
n-butyl alcohol 70, 100, 130 40 20, 200 0.25 
t-butyi alcohol 140 20, 40 0, 20, 50 0.29 
Ethylene glycol 140 40 0. 20, 50 0.29 
Glycerol 140 40 0. 20, 50 0.33 
Water 50, 80, 110, 150, 212 3. 10. 20. 40, 50 0. 20. 50. 200 0.33 
Ammonia 30, 80, 120 40 20. 200 0.6 1 
Propane 160. I X0. 200 40 20, 200 l-00 

______~~ --.-- 
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the average temperature drop, m, for the overall 
plate was 20°F. 

Comparisons of the local heat transfer co- 
efficient, as predicted by equation (A.ll), with 
values calculated from the numerical solution 
of the full boundary-layer equations appear in 
Fig. 4 in terms of two fixed values of the reference 
parameter CI, 0.400 for the counter-current flow 
cases and 0.345 for the co-current cases. In a 
strict sense, a single fixed value of tx would not 
be expected to represent the data precisely. 
However, if a = 3 were assigned to any of the 
cases shown in Fig. 4, the maximum discrepancy 
between the analytical and numerical results 
would be less than 3 per cent. Since CI = 3 is also 
the value recommended for the isothermal wall 
cases, it should be accepted as the best value for 
water. 

Since the expression for h’ is somewhat 
cumbersome, it is of interest to explore an 

alternative in which h’ is calculated through the 
ratio h’ I/r:,, as discussed in Appendix A. Com- 
parisons of h’l hf,, with values extracted from the 
numerical solutions appear in columns 13 and 
14 of Table 3. The coefficient hf,, is computed as 
if the local value of AT prevailed from the 
leading edge ; it has no physical significance but 
does allow a convenient comparison between 
the theoretical and numerical solutions. As can 
be seen, the percentage differences are little 
greater than the expected errors in the numerical 
results themselves. Thus, it would seem appro- 
priate to calculate h’ through equations (A.ll) 
and (A.13), assuming the wall to be isothermal 
when applying (A.1 1). Although it may possibly 
be useful to develop similar comparisons for 
&‘I@,, with the corresponding numerical re- 
sults, this has not been done because the integral 
forms which result are not tractable, even when 
u c, r = 0, due to the dependence of the co- 

2.0- 

a=0.400 a=0.345 
Ar=lo+ll~96x2 AT=54-64.39+20.33x2 
-c--u",,=0 .-CM",,=20 
-a--u",,=50 AT=40-37.88x +11~96x2 
AT=IO+l0~06x' . ..A..u.. =20 
*-u,.=o 
AT=3+Z0.33x2 

AT=26-11.36xt3~587x2 
. ..p..u.. =20 

-rs- W",# =o 
--'l--u.,,=50 
AT=3+ 17~llx' 
-m--u,,,=50 

FIG. 4. Comparisons of equation (A.1 1) with the numerical results tar 
condensation of water on a vertical nonisothermal wall. 
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- 
Table 3. Laminarjlm condensation of water on a non-isothermal WI/ (AT -: 20 F) 

T, AT, AT, A4 

110 26 17 11.36 
110 40 10 27.88 
110 40 10 37.88 
110 54 3 64.39 
212 30 10 12.63 
212 30 10 12.63 
212 23 17 3.79 

110 3 54 

110 3 54 

110 3 54 

110 10 40 
110 10 40 
110 10 40 
110 3 71 
110 3 71 
110 3 71 
110 10 50 
110 10 50 
110 10 50 
212 3 37 
212 10 30 
212 17 23 

20.33 

20.33 

20.33 

11.96 
11.96 
1196 
17.11 
17.11 
17.11 
10.06 
10.06 
10.06 
21.46 
12.63 

3.79 

m 

1 
1 
1 
1 
1 
1 

2 

2 

2 

2 
2 
2 
3 
3 
3 
3 
3 
3 
1 
1 
1 

Co-current coolant flow 
N II h,, @L Y 

-. 

3.59 2 20 0.997 0.669 
11.96 2 0 @9X7 0.669 
11.96 2 20 1.002 0.669 
20.33 2 20 0,999 0.669 

8 0.990 0,792 
50 1.022 0.792 
50 0.997 0.792 

Counter-current coolant flow 
0 0,981 1.349 

0,915 
20 0,986 1.349 

0.915 
50 1,000 1.349 

0,915 
0 1,000 1,584 

20 0,996 1.584 
50 0,995 1.584 

0 0.965 1.294 
20 0,977 1.294 
50 1,003 1.294 

0 0.995 1.439 
20 0.992 1.439 
50 0,995 1.439 

0 1.003 0,792 
20 0,998 0,792 
50 0.999 0.792 

AT h 

20 0.2570 
20 0.2346 
20 0.2396 
20 0.2266 
20 0.2985 
20 0.3240 
20 0.3457 

h/k,, 

0.957 
0.905 
0.892 
0,844 
0.939 
0.898 
0959 

0.962 
0.909 
0.895 
0.846 
0.946 
0.900 
0.97? 

40 0.2203 1.253 1,271 
20 0.2973 1.237 1,232 
40 0.2373 1,328 1,339 
20 0.3164 1,280 1.282 
40 0.2649 1,414 I.431 
20 0.3493 1.350 1.355 
40 0.1984 1,189 1.189 
40 0.2101 1.221 1.228 
40 0.2288 1.277 1.285 
40 0.2355 1,345 I.344 
40 0.2569 1.422 1,425 
40 0.2923 1.542 1.561 
40 0.2102 1.232 1,231 
40 0.2244 1,279 1,289 
40 0.2477 1,348 1.360 
20 0.3673 1,152 1.149 
20 0.4134 1,145 1.139 
20 0.3762 1.042 1.037 

efficients fr and fi on position. However, it is 
instructive to consider a convenient limiting 
case in which the productf:f, is arbitrarily set 
equal to 1. Thus, for u,.,. = 0 and .f:f, = 1, it 
may easily be shown that : 

for counter-current coolant flow. Here, hi,, is 
the average heat transfer coefficient for an iso- 
thermal wall problem for which AKS, = AT, + 
ML!““/(m + 1). We note that t?/&,, decreases with 
increasing m and increases with increasing AT,, 
which is in line with the trends exhibited by 
h/&,, listed in column 9 of Table 3. 

Sign$cance of the Results. The use of a 
reference temperature concept to account for 
the omission of the acceleration and convective 
terms as well as variable fluid properties, 
facilitates the use of constant property analyses 

based on the Nusselt assumptions. The values 
of the parameter c( established in this investiga- 
tion allow the closed form analytical expressions 
[equations (A.ll) and (A.13)] to be used over a 
wide range of the pertinent parameters. An 
evaluation of the validity of these results in 
relation to engineering problems requires the 
discussion of a number of issues. 

(i) For water condensing on a vertical surface 
waves appear at a film Reynolds number (4r/,~) 
of about 30 and steadily increase in intensity 
with increasing Reynolds number. Experimental 
results of Zazuli reported by Kutateladze [39] 
indicate a steady increase in heat transfer above 
the Nusselt value as the Reynolds number 
increases from 30 to 100. At Re = 100 a 13.8 per 
cent increase was observed. A more marked 
increase in heat transfer occurs at Reynolds 
numbers between 300 and 2000 and is usually 
attributed to a conventional transition to turbu- 



LAMINAR FILM CONDENSATION ON A VERTICAL SURFACE 975 

lent flow [40]. It appears from these observations 
that deviations from analyses assuming laminar 
flow and an absence of surface instability, will 
occur first due to an onset of surface waves. For 
liquids other than water, data is too limited to 
yield quantitative criteria for the onset of waves. 
A review of the literature on this topic is given by 
Fulford [41] to which the interested reader is 
referred. The results of the present investigation 
are considered to be valid for situations where 
surface waves are not observed. In addition the 
results serve as base solutions for the empirical 
correlation of the effects of waves and turbu- 
lence ; such use is necessitated by the absence of 
reliable analyses of these effects. 

(ii) The reference temperature parameter tl is 
suffkiently insensitive to inaccuracies in the 
physical property data to remain unchanged 
within the stated accuracy of the heat transfer 
results. Thus it is recommended that improved 
property data, as it becomes available, be used 
directly. 

(iii) The wall temperature variations con- 
sidered included cases more severe than those 
encountered in general practice. -Thus the 
utility of the analytical solution has been 
established and it may be applied to specific 
problems of interest. 

(iv) The rationale underlying the use of the 
asymptotic shear expression was given in the 
introduction. It remains to place a lower limit 

on the condensation rate for which the corres- 
ponding suction velocity is large enough to 
insure the validity of the closed form analytical 
results. The accuracy of the asymptotic shear 
expression has been investigated in Reference 
(161 by obtaining numerical solutions from a 
finite difference analogue to the momentum 
conservation equation governing the vapor 
phase flow. For the range of variables con- 
sidered in the present investigation the con- 
clusion is that the error in the heat transfer 
introduced by the asymptotic shear expression 
is less than 1 per cent for 

u v,s I XU” e ) > 2. 
U”,.V V” 

Precision with respect to this criterion is not of 
great importance since the parameters u,,,, u,,,, 
v, and x vary over many orders of magnitude. 
Table 4 presents data typical of engineering 
applications for the various fluids. For con- 
densation conditions other than those specified, 
the values given may be used as base figures for 
additional calculations. It is of interest to note 
that the asymptotic shear expression can be 
seen to be valid for the u,,, = 0 situation by 
examining the results of Koh, Sparrow and 
Hartnett [3]. In that analysis the parameter 
(pp/p,pJ characterized the vapor drag; how- 
ever their table of results shows that, for a given 

Table 4. Values of 2 
.J( > 

+ appropriate tojlm condensation situations 

Fluid 

Saturation Temperature Vapor 

difference velocity, u,,, 
Location 

temperature 

(“F) (“F) w/s1 
(ft) 

Water 110 20 20 1 5.98 

Ethyl alcohol 120 20 20 1 1.56 

n-propyl alcohol 140 20 20 1 18.7 

n-butyl alcohol 110 40 20 1 10.4 

t-butyl alcohol 140 20 20 1 0.90 

Ethylene glycol 140 40 20 1 19.5 

Glycerol 140 40 20 1 108.0 
Carbon Tetrachloride 90 20 20 1 2.21 

Propane 180 40 20 1 0.54 

Ammonia 40 40 20 1 7.54 



976 V. E. DENNY and A. F. MILLS 

1. 

2. 

3. 

4. 

5. 

W. NUSSELT, Die Obertlachen-Kondensation des 
Wasserdampfes, Z. Ver. D-Zng. 60, 541-546 (1916). 
E. M. SPARROW and J. L. GREGG, A boundary-layer 
treatment of laminar film condensation, Trans. Am. 
Sot. me&. Engrs, Ser. C, 81, 13-18 (1959). 
J. C. Y. KOH, E. M. SPARROW and J. P. HARTNETT, 
Two-phase boundary-layer in laminar fii condensa- 
tion, ht. J. Heat Mass Transfer 2, 69-82 (1961). 
E. M. SPARROW and J. L. GREGG, Laminar condensation 
heat transfer on a horizontal cylinder, Trans. Am. Sot. 
mech. Engrs. Ser. C, 81, 291-296 (1959). 
W. J. MINKOWYCZ and E. M. SPARROW, Condensation 
heat transfer in the presence of noncondensables, 
interfacial resistance, superheating, variable properties, 
and diffusion, Int. J. Heat Mass Transfer 9, 1125-1144 
(1966). 

6 

I. 

8. 

9. 

10. 

condensation rate, the heat transfer coefficient 
is independent of this parameter. 

The manner in which the reference tempera- 
ture concept has been established in this in- 
vestigation has a broader significance than the 
direct use of the analytical solutions. Of parti- 
cular importance is its utility in performing 
analyses of the many important film condensa- 
tion problems which require consideration of a 
coupled two-phase flow. The various non- 
similar noncondensable gas problems are good 
examples of such problems. It is suggested that 
the liquid phase in such a situation may be 
analyzed with constant properties and the 
Nusselt assumptions, greatly simplifying the 
overall analysis. The reference temperature para- 
meter a would not be significantly affected by 
the slightly different vapor drag and non- 
similarity effects. 
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APPENDIX A 

Analysis Based on Nusselt Assumptions 
The objective of this analysis is to develop 

closed form analytical solutions for laminar 
film condensation of a pure saturated vapor on 
a vertical non-isothermal wall. The analysis 
includes the effects of variable fluid properties 
and of vapor drag. The effect of temperature on 
the fluid properties is treated by means of the 
reference temperature concept. Vapor drag is 
accounted for by means of an asymptotic ex- 
pression for shear deduced from an analysis of 
boundary layer flows subject to strong suction 
[16]. The analysis is restricted to situations 
where the Nusselt assumptions are valid, this 
restriction being of little consequence in terms 
of the engineering problem. The boundary value 
problem to be considered is : 

d2T o 
-= 
dy2 

T = T,(x) and u = 0 at y = 0 

T=T,andp?=ti(u”,,-u)aty=6 
dy 

where 

It may readily be demonstrated that the 
velocity and temperature distributions con- 
sistent with the above equations are : 

T, - T = (T, - T,) (1 - y/S) = AT(l - y/S) 

(AJ) 

U = [(l - 0.5y/6) (g*#/v) 

+ (P) (U”,e. - o-5g*62/v)l [Y/d1 

where 

(A.21 

P = (rizS/‘B)/(l + ri26/p). 

The local film thickness 6, as well as the 
condensation rate ri?, are obtained from the 
overall enthalpy and mass balances 

pu[l + C&T, - T)] dy (A.3) 

r = {pudy. 
0 

Thus, if (A.l) and (A.2) are substituted 
there results after considerable algebra 

rkAT s -Fdx = a8 + bd3 

0 

(A.4) 

in (A.3), 

(A.5) 

where 

a = (0.5 pu,,.P) (A + 0.354 CAT) 

and 

b = (pg*/3v) (1 - 0.75 P) (A + 0.354 &AT). 

(The various coefficients of CGT which evolve 
naturally in the algebraic manipulations, l/3 
and 318, have been replaced by their average 
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value, 0.354, to effect a convenient simplification and 
in the coefficients a and b). 

If the nonlinear integral equation (A.5) is now 
b = (pg*/3v) (/I + 0.354 CAT) (4 + r)/(4 + 4r) 

differentiated, the result may be rearranged to (A.lO) 

obtain where 

kAT d(x) = d(aa2 + bd4) - 0*5a d(S2) 
I = l/(Pr)(J/C$T + 0.354). 

- 0.25b d(S4) 
Since the local temperature distribution 

linear, h’ is equal to k/6 where h’ denotes 

which may then be integrated to yield 

kxTx = (a - O-55) d2 + (b - O-256) a4 

is 
a 

theoretical heat transfer coefficient for the non- 
isothermal wall problem. If (A.6) is substituted 
for 6 and the result is rearranged, h’ may be 
written as 

(The quantities kxT, ii, and 6 are integral mean 
values over the interval 0, x). The film thickness 

k’ = k 4, + (16g*mfzl 8 2 

6 is therefore seen to be (A.ll) 

6= 4 2kzTx 

(a - 0.5ii) + d[(a - O.5ii)2 + 4kxTx(b - 0.256)] ’ 
(‘4.6) 

It remains to remove the product lit6 from the where 
parameter P. Substituting (A.2) in (A.4), inte- 
grating the result, and extracting the coefficients fi = (kAT) (2 - ii/a)/(l + r) (kzT) 

a and b, there is obtained and 

r = (ad + bd3)/(1 + 0.354 C,AT). (A.7) 

Now, C$T 4 il for most applications ; hence, 
I + 0.354 CAT is seen to be a weak function of 

For an isothermal wall, the functionals fi and f2 

x. Thus, a comparison of (A.5) and (A.7) reveals 
reduce to 

that fi,iso = l/t1 + I) N l 

rid E kAT/(A + 0.354 CAT) (A.8) and 

f2,iso = (4 + r(l + r)/4 N 1. 
and hence adequate forms of the coefficients a 
and b are : 

We now explore an alternative to the applica- 
tion of (A.ll) directly. Clearly, the ratio h’/ht,, 

a = (O-5 u,,,) (kAT/v)/(l + I) (A-9) may be written as 

(A.12) 

1 + d[l + W%*x/ru~,.)l 
(A.13) 
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R&aun~Un programme general de calculateur a em tlabore qui r&out la mise sous differences Enies des 
equations de conservation du type couche limite pour la condensation par film laminaire. De plus, les 
solutions sous forme analytique basees sur les hypotheses de Nusselt ont 6te &endues pour tcnir compte de 
l’effet dune paroi de condenseur non isotherme. En faisant comme cela, on deftit une temperature de 
reference sous la forme T, = T, + a(T, - T,) pour evaluer les proprietb du flu& variant localement, 
qui tient compte a la fois des effets des variations de prop&es du fluide et des erreurs secondaires intro- 
duites par les hypotheses de Nusselt. Dans le dtveloppement numtrique aussi bien que dans l’analytique, 
on a tenu compte de la trainee de la vapeur au moyen dune solution asymptotique de la couche limite de 
vapeur avec forte aspiration qui est valable pour de nombreuses circonstances de la technique. 

Cet article tvalue la validite du resultat generalist de Nusselt en fonction des effets (1) de l’ecoulement 
force de la vapeur, (2) dune temperature variable de la paroi, et (3) des proprietes variables du fluide. 
Dix fluides ont ete Ctudies, parmi lesquels l’eau, tous ayant des nombres de Prandtl superieurs a l’unite. 
On a trouve, sauf pour des variations importantes de la temperature pa&ale, qu’une valeur de CL dependant 
seulement de l’esp&e du fluide conduisait a une difference de 2 pour cent entre les previsions theoriques et 

les r&hats numbriques. 

Zuaammenfassung-Es wurde ein allgemeines Rechenprogramm entwickelt, welches filr laminare Film- 
kondensation die Erhaltunzssltze mit Grenzschichtvereinfachungen und mit Hilfe von Differenzen- 
verfahren lost. Zudtzlich w&den analytische Ldsungen in geschlos&er Form angegeben, die, basierend 
auf den Nusselt’schen Vereinfachungen, den Einfluss nicht-isothermer Kondensationsfliichen bertlcksich- 
tigen. Dabei wird eine Bezugstemperatur zur Berilcksichtigung der ortlich veranderlichen Stoffwerte 
angegeben, T, = T, + a(i”, - T,) die sowohl die veranderlichen Stoffwerte als such kleinere Fehler, 
die aus den Nusselt’schen Vereinfachungen stammen, erfasst. In den numerischen und den analytischen 
Ableitungen, wird die Dampfreibung mit Hilfe einer vereinfachten Losung der Dampfgrenzschicht mit 
starker Absaugung, die fiir die meisten praktischen Falle zutrifft, berticksichtigt. 

Diese Arbeit zeigt die Gtlltigkeit der erweiterten Nusselt’schen Ergebnisse in Abhangigkeit von (i) erz- 
wungener Dampfstromung, (ii) veranderlicher Wandtempcratur und (iii) vemnderlichen Stoffwertcn. 
Zehn Fltissigkeiten einschliesslich Wasser werden untersucht, alle mit Pr-Zahlen grosser als eins. Es 
zeigte sich, ausser bei sehr starker Anderungen der Wandtemperatur, dass ftlr einen Wert von CL, der nur 
von den Eigenschaften der Fltlssigkeit abhlngt, die Abweichungen der analytischen Berechnungen von 

den numerischen Ergebnissen hochstens 2 Prozent betragen. 

AaaoTsuuB-Pa3pa60TaHa o6maa nporpaMMa @IR pemeHnR HOHeHHO-pa3HOCTHbtX aHaJtOrOB 
J’paBHeHHti COXpaHeHHR B nOrpaHHHHOM CJIOe npH JtaMHHapHOi nJIeHOHHOg HOH&eHCanHH. 
ICpoMe ~oro, nonysem 3aMKHyTbIe aKamTmecKMe pemeam, OCHOBaHHbte Ha fiOnymeHMHX 
HyCCeBbTa, y’4HTbJBaIOtlIHe BJIHRHCIe HeH30TepMH9HOCTB CTeHKW KOHaeHCaTOpa. nplr 3TOM 

HCXO~HaH TeMnepaTypFk R.?R paWeTa JIOKaJIbHO-IIepeMeHHbIX CBOltCTB XIElAKOCTIl Onpe- 

JJeJIHeTCH B BllJC T, = Tw+cc (T, - Tw),Tne yWTbIBaeTCH KaK BJIMRHHe I13MeHeHCIfI CBOtiCTB 

HCEIJJKOCTR, TaK M lle3lGl~IlTeJIbHbIe Otill6KIl 38 C'IeT nOllyweHGIti HyCCeJIbTa. B YE1CJIeBHOM PI 
aHaJlHTRqeCKOM pel"eHIltlHX COIIpO~liBJIeHMe napa yWITbIBa.lIOCb C IIOMOqbIO aCPlMIITOTWIeC- 

KOrO peOIeHllR IlapOBOrO IIOrpaHWlHOrO CJIOR IIpH HHTeHCHBHOM OTCOCe, IIpHMeHaMOrO B 

60JIbUIHHCTBe IIpaKTM'IeCKRX CJIyqaeB. 

B AaHHOti pa6oTe O~eHLlBaeTCH CIIpaBe~JIHBOCTb o606qeHHoro pe3ynbTaTa HyCCeJIbTa C 

yWTOM BJIRFIHPIR (a) BbIHyH(ReHHOr0 Te'leHl5H BOAbI, (6) IIepeMeHHOt TeMIIepaTypbI CTeHKH, 

(B) IIepeMeHHbIX CBOtiCTB ?KIIAKOCTII. HCCJIeAOBaHbI HeCRTb HWRKOCTeik, BKJIIOqaR Bony, 

XapaKTepkI3yEOqHeCR WfCjIOM npaHaTJIH 6onblue eRMHI4JJbI. YCTaHOBneHO, VT0 38 EICKJlI0- 

'leHMeY OqeHb CH;lbHbIX I43MeHeHd TeMIIepaTypbI CTeHKH 3HaqeHHe a 3aBHCRqee TOJIbAO OT 

BIl~aIf(ll~K0~~II,~aeTpe3ynbTaTbI,oT.?~~aIo~~ec~OTaHanllTIlsecKnxpelueHHZtTOnbKOHa2~~. 


